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FIGURE 2.4. Probability plot for fitted model in the engine component failure
time example.
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FIGURE 2.5. Quantile plot for fitted model in the engine component failure time
example.
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Classical Extreme Value Theory and
Models

3.1 Asymptotic Models

3.1.1 Model Formulation

In this chapter we develop the model which represents the cornerstone of
extreme value theory. The model focuses on the statistical behavior of

M, = max{Xy,.. W Sy

where X,..., X,,, is a sequence of independent random variables having
a common distribution function F. In applications, the X; usually repre-
sent values of a process measured on a regular time-scale — perhaps hourly
measurements of sea-level, or daily mean temperatures - so that M,, repre-
sents the maximum of the process over n time units of observation. If n is
the number of observations in a year, then M, corresponds to the annual
maximum.

In theory the distribution of M, can be derived exactly for all values of

n:
Pr{M, <z} = Pr{X, < 2y oy Xn S 2}
= Pr{X,; <z} X wer % Prl{X, « 2}
= {F(2)}". (3.1)

However, this is not immediately helpful in practice, since the distribu-
tion function F is unknown. One possibility is to use standard statistical
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46 3. Classical Extreme Value Theory and Models

techniques to estimate F from observed data, and gm:.ﬁo .mcvmﬂ::a.m this
estimate into (3.1). Unfortunately, very small discrepancies in the estimate
of F can lead to substantial discrepancies for F™.

An alternative approach is to accept that F is unknown, E.E to look
for approximate families of models for F™, which can be mmcamﬁm.a on
the basis of the extreme data only. This is similar to the usual nwmnenw of
approximating the distribution of sample means by the :oﬁsm_. distribution,
as justified by the central limit theorem. The Emcims.em in this chapter are
essentially an extreme value analog of the central limit theory.

We proceed by looking at the behavior of F™ as n — oco. But .ﬁr_m m_oum
is not enough: for any z < z;, where z; is the upper end-point of m. ;
F™(z) — 0 as n — 00, so that the distribution of M, ﬁ._mmmwm_.wﬁmm toa vo.:;
mass on z,. This difficulty is avoided by allowing a linear renormalization

of the variable M,: M- b

M, = P
for sequences of constants {a, > 0} and {bn}. >vvnovnwwﬁm choices o.m #..rm
{an} and {b,} stabilize the location and scale of M, as n increases, E..o:.w:p.m
the difficulties that arise with the variable M,. We therefore seek limit
distributions for M7, with appropriate choices of {an} and {bs}, rather

than M,.

3.1.2 Extremal Types Theorem
The entire range of possible limit distributions for M} is given by Theorem
3.1, the extremal types theorem.

Theorem 3.1 If there exist sequences of constants {an > 0} and {bn}

such that
Pr{(Mp — ba)/an < 2z} = G(z) asn — 00,

where G is a non-degenerate distribution function, then G belongs to one
of the following families:

I:G(z) = m%ﬁﬁ|9€~lﬁnwovgvu —o00 < z < 005

0, z2<bh,
mxvﬁlﬁuwjéw. z > b;
s=t)®
a

mxvﬁlTﬁ : z < b,

1, 2> b,

I1:G(2)

111 : G(=)

il

for parameters a > 0,b and, in the case of families IT and III, a > 0. 0

1z, is the smallest value of z such that F(z) = 1.
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In words, Theorem 3.1 states that the rescaled sample maxima (M, —
bn)/an converge in distribution to a variable having a distribution within
one of the families labeled I, I and III. Collectively, these three classes
of distribution are termed the extreme value distributions, with types
I, IT and III widely known as the Gumbel, Fréchet and Weibull fami-
lies respectively. Each family has a location and scale parameter, b and a
respectively; additionally, the Fréchet and Weibull families have a shape
parameter c.

Theorem 3.1 implies that, when M,, can be stabilized with suitable se-
quences {a,} and {b,}, the corresponding normalized variable M, has a
limiting distribution that must be one of the three types of extreme value
distribution. The remarkable feature of this result is that the three types
of extreme value distributions are the only possible limits for the distribu-
tions of the M, regardless of the distribution F' for the population. It is in
this sense that the theorem provides an extreme value analog of the central
limit theorem.

3.1.8 The Generalized Extreme Value Distribution

The three types of limits that arise in Theorem 3.1 have distinct forms
of behavior, corresponding to the different forms of tail behavior for the
distribution function F of the X;. This can be made precise by considering
the behavior of the limit distribution G at z,, its upper end-point. For the
Weibull distribution z; is finite, while for both the Fréchet and Gumbel
distributions z, = oo. However, the density of G decays exponentially for
the Gumbel distribution and polynomially for the Fréchet distribution, cor-
responding to relatively different rates of decay in the tail of F'. It follows
that in applications the three different families give quite different repre-
sentations of extreme value behavior. In early applications of extreme value
theory, it was usual to adopt one of the three families, and then to estimate
the relevant parameters of that distribution. But there are two weaknesses:
first, a technique is required to choose which of the three families is most
appropriate for the data at hand; second, once such a decision is made,
subsequent inferences presume this choice to be correct, and do not allow
for the uncertainty such a selection involves, even though this uncertainty
may be substantial.

A better analysis is offered by a reformulation of the models in Theorem
3.1. Tt is straightforward to check that the Gumbel, Fréchet and Weibull
families can be combined into a single family of models having distribution
functions of the form

G(z) = exp { — Tfmmnntzli , (3.2)
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48 3. Classical Extreme Value Theory and Models

defined on the set {z : 1 + £(z — p)/o > 0}, where the parameters satisfy
—00 € p < 00, 0 >0and —00 < § < oo. This is the generalized extreme
value (GEV) family of distributions. The model has three parameters: a
location parameter, y; a scale parameter, o; and a mwmvm. parameter, £.
The type II and type III classes of extreme <m:ﬂ a_mﬁzwzeon. 8«3%0:@
respectively to the cases £ > 0 and £ < 0 in this Umnmﬁmw.m_,._uwsou. The
subset of the GEV family with £ = 0 is interpreted as the _:Em of (3.2) as
£ — 0, leading to the Gumbel family with distribution function

G(z) = exp —Imxv*l Anmtv:. —00 < z<00.

The unification of the original three families of extreme <E:..w distribution
into a single family greatly simplifies statistical ._Eﬁnm:_miwsow. Through
inference on £, the data themselves determine the most mvvwov:wnm. ﬂBm of
tail behavior, and there is no necessity to make subjective a priori judge-
ments about which individual extreme value family to adopt. H.Son.ooqmﬁ
uncertainty in the inferred value of £ measures the lack of o.mHSEQ as to
which of the original three types is most appropriate for a given dataset.

For convenience we re-state Theorem 3.1 in modified form.

Theorem 3.1.1 If there exist sequences of constants {a, > 0} and {b.}
such that
Pr{(Mp — ba)/an <2} =2 G(z) asn— o0 (3.3)

for a non-degenerate distribution function G, then G is a member of the

GEV family e
2=p
G(z) =expq — T._.mA vﬁ ;

a

defined on {z : 1 + £(z — p)/o > 0}, where —0co < p < 00, 0 >0 m.n_m_
—00 < £ < oo,

Interpreting the limit in Theorem 3.1.1 as an mvvuoxwam"._ou.u mo.a memm
values of n suggests the use of the GEV family for modeling the distribution

of maxima of long sequences. The apparent difficulty that the HH.oHszuEm
constants will be unknown in practice is easily resolved. Assuming (3.3),

Pr{(Mn - bn)/an < 2} = G(2)

for large enough n. Equivalently,

Pr{M, <z} = G{(z-ba)/an}
= G'(2),

where G* is another member of the GEV family. In other words, if Theorem
3.1.1 enables approximation of the distribution of M, by a member of the
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GEV family for large n, the distribution of M, itself can also be approxi-
mated by a different member of the same family. Since the parameters of
the distribution have to be estimated anyway, it is irrelevant in practice
that the parameters of the distribution G are different from those of G*.
This argument leads to the following approach for modeling extremes
of a series of independent observations X, Xs,.... Data are blocked into
sequences of observations of length n, for some large value of n, generating a
series of block maxima, My, 1, ..., My ., say, to which the GEV distribution
can be fitted. Often the blocks are chosen to correspond to a time period
of length one year, in which case n is the number of observations in a year
and the block maxima are annual maxima. Estimates of extreme quantiles

of the annual maximum distribution are then obtained by inverting Eq.
(3:2):
—Z211-{-log(l1 -p)}—¢ f
2, = == g : * Omﬁ ﬂ: ._ ) or { #0, ﬁwmc
u—olog{-log(l - p)}, for £ =0,

where G(zp) = 1 — p. In common terminology, zp is the return level
associated with the return period 1/p, since to a reasonable degree of
accuracy, the level z, is expected to be exceeded on average once every
1/p years. More precisely, z, is exceeded by the annual maximum in any
particular year with probability p.

Since quantiles enable probability models to be expressed on the scale of
data, the relationship of the GEV model to its parameters is most easily
interpreted in terms of the quantile expressions (3.4). In particular, defining
yp = —log(1 - p), so that

= [ B E-yf], foré#0,
? s~ alogyp, for £ =0,

it follows that, if 2, is plotted against Yp on a logarithmic scale - or equiva-
lently, if 2z, is plotted against logy, - the plot is linear in the case £E=0.1If
€ < 0 the plot is convex with asymptotic limit as p — 0 at p—of&if € >0
the plot is concave and has no finite bound. This graph is a return level
plot. Because of the simplicity of interpretation, and because the choice of
scale compresses the tail of the distribution so that the effect of extrapola-
tion is highlighted, return level plots are particularly convenient for both
model presentation and validation. Fig. 3.1 shows return level plots for a
range of shape parameters.

3.1.4  OQutline Proof of the Extremal Types Theorem

Formal justification of the extremal types theorem is technical, though
not especially complicated — see Leadbetter et al. (1983), for example. In
this section we give an informal proof. First, it is convenient to make the
following definition.
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FIGURE 3.1. Return level plots of the GEV distribution with shape parameters
&= -0.2, £ =0 and ¢ = 0.2 respectively.

Definition 3.1 A distribution G is said to be max-stable if, for every
n=2,3,..., there are constants a, > 0 and 3, such that

G™(anz + Bn) = G(2).
A

Since G™ is the distribution function of M, = max{X,,...,Xn}, where
the X; are independent variables each having distribution function G, max-
stability is a property satisfied by distributions for which the operation
of taking sample maxima leads to an identical distribution, apart ?O.E a
change of scale and location. The connection with the extreme value limit
laws is made by the following result.

Theorem 3.2 A distribution is max-stable if, and only if, it is a general-
ized extreme value distribution. O

It requires only simple algebra to check that all members of the ﬂm<
family are indeed max-stable. The converse requires ideas from functional
analysis that are beyond the scope of this book.

Theorem 3.2 is used directly in the proof of the extremal types theorem.
The idea is to consider My, the maximum random variable in a sequence
of n x k variables for some large value of n. This can be regarded as the
maximum of a single sequence of length n x k, or as the maximum of k
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maxima, each of which is the maximum of n observations. More precisely,
suppose the limit distribution of (M, — b,)/a, is G. So, for large enough
n,

Pr{(M, — by)/a, < z} = G(z)

by Theorem 3.1.1. Hence, for any integer k, since nk is large,
Pr{(Mnix = bni)/ank < 2} = G(2). (3.5)

But, since M, is the maximum of k variables having the same distribution
as M,,

Pr{(Mnk = bn)/an < 2} = [Pr{(Mn —bn)/an < 2}]°.  (3.6)

Hence, by (3.5) and (3.6) respectively,

Pr{My <z} =G AEV

Ang
and

Pr{ Mo < 2} ~ G* Awu?v .

an

Therefore, G and G* are identical apart from location and scale coefficients.
It follows that G is max-stable and therefore a member of the GEV family
by Theorem 3.2.

3.1.5 Ezamples

One issue we have not discussed in connection with Theorem 3.1 is, given
a distribution function F, how to establish whether convergence of the
distribution of the normalized M,, can actually be achieved. If it can, there
are additional questions: what choices of normalizing sequences {a,} and
{bn} are necessary and which member of the GEV family is obtained as a
limit? Each of the books on extreme value theory referenced in Section 1.4
gives extensive details on these aspects. Since our primary consideration is
the statistical inference of real data for which the underlying distribution
F is unknown, we will give only a few examples that illustrate how careful
choice of normalizing sequences does lead to a limit distribution within the
GEV family, as implied by Theorem 3.1. These examples will also be useful
for illustrating other limit results in subsequent chapters.

Example 3.1 If X, X;,... is a sequence of independent standard expo-
nential Exp(1) variables, F(z) = 1 — e~* for z > 0. In this case, letting
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a, =1 and b, =n,

Pr{(M, — bn)/an < 2} = F™(z + logn)
- _“H |mlau+_ow§;ﬂ
= _HH - :L.ml_:

— exp(—e )

as n — oo, for each fixed z € R. Hence, with the chosen a, and b, ﬂrm. limit
distribution of M, as n — oo is the Gumbel distribution, corresponding to
€ =0 in the GEV family. A

Example 3.2 If X1, Xa,... is a sequence of independent standard Fréchet
variables, F(z) = exp(—1/z) for = > 0. Letting an =n and b, =0,

Pr{(Mp — bn)/an < 2z} = F™(nz)

[exp{~1/(n2)}]"

exp(—1/2)

as n — 00, for each fixed z > 0. Hence, the limit in this case — which is

an exact result for all n, because of the max-stability of F — is also the
standard Fréchet distribution: £ = 1 in the GEV family. A

Example 3.3 If X;, X»,... are a sequence of independent uniform U(0, 1)
variables, F(z) = z for 0 < z < 1. For fixed z < 0, suppose n > —z and let

an = 1/n and b, = 1. Then,

Pr{(M, — bs)/an < z} = m...:‘A:lﬂN +1)
2z n
= (1+7)
- €’
as n — 0o, Hence, the limit distribution is of Weibull type, with £ = —1in
the GEV family. A

There is some latitude in the choice of {a.} and {bn} in m.:o: mmeEmm.
However, different choices that lead to a non-degenerate limit always yield
a limit distribution in the GEV family with the same value of &, though
possibly with other values of the location and scale parameters.

3.2 Asymptotic Models for Minima
Some applications require models for extremely small, rather than ex-

tremely large, observations. This is not usually the case for Eog.mgm involv-
ing environmental data, but system failure models, as discussed in Example
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1.2, can often be constructed such that the lifetime of a system is equal to
the minimum lifetime of a number, n, of individual components. The overall
system lifetime is then M, = min{Xji,..., X, }, where the X; denote the
individual component lifetimes. Assuming the X; to be independent and
identically distributed, analogous arguments apply to M, as were applied
to M, leading to a limiting distribution of a suitably re-scaled variable.

The results are also immediate from the corresponding results for M,,.
Letting ¥; = —X; for i = 1,...,n, the change of sign means that small
values of X; correspond to large values of ¥;. So if M,, = min{X;,..., X,}
and M,, = max{Y;,...,Y¥,}, then M, = —M,. Hence, for large n,

Pr{Mp < z} Pr{—-M, < z}
= Pr{M, > -z}
= 1-Pr{M, < ..1Nw

-1/¢
~ 1—exp IT+MAH%]_RVQ
=\ 1-1/¢
- p
(P

on {z:1—§&(z— fi)/o > 0}, where i = —u. This distribution is the GEV
distribution for minima. We can state the result formally as a theorem
analogous to Theorem 3.1.1 for maxima.

= 1-—exp

Theorem 3.3 If there exist sequences of constants {a, > 0} and {b,}

such that ) :
Pr{(M, — bn)/an <z} - G(z) asn— o

for a non-degenerate distribution function G, then G is a member of the
GEV family of distributions for minima:

G(z) =1 - exp |T|mqlmil:m :

ag

defined on {2 : 1 — £{(z — i)/o > 0}, where —00 < p < 00, & > 0 and
-0 < £ < o0 O

In situations where it is appropriate to model block minima, the GEV
distribution for minima can be applied directly. An alternative is to exploit
the duality between the distributions for maxima and minima. Given data
21,...,2Zm that are realizations from the GEV distribution for minima, with
parameters (j, 0, £), this implies fitting the GEV distribution for maxima
to the data —2,...,~2,. The maximum likelihood estimate of the pa-
rameters of this distribution corresponds exactly to that of the required
GEV distribution for minima, apart from the sign correction ji = —ji. This

approach is used in Section 3.4.2 to model the glass fiber data described in
Example 1.2.
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3.3 Inference for the GEV Distribution

3.9.1 General Considerations

Motivated by Theorem 3.1.1, the GEV provides a model for the distribution
of block maxima. Its application consists of blocking the data into blocks
of equal length, and fitting the GEV to the set of block maxima. But in
implementing this model for any particular dataset, the choice of block
size can be critical. The choice amounts to a trade-off between bias and
variance: blocks that are too small mean that approximation by the limit
model in Theorem 3.1.1 is likely to be poor, leading to bias in estimation
and extrapolation; large blocks generate few block maxima, leading to large
estimation variance. Pragmatic considerations often lead to the adoption of
blocks of length one year. For example, only the annual maximum data may
have been recorded, so that the use of shorter blocks is not an option. Even
when this is not the case, an analysis of annual maximum data is likely to
be more robust than an analysis based on shorter blocks if the conditions
of Theorem 3.1.1 are violated. For example, daily temperatures are likely
to vary according to season, violating the assumption that the X; have a
common distribution. If the data were blocked into block lengths of around
3 months, the maximum of the summer block is likely to be much greater
than that of the winter block, and an inference that failed to take this non-
homogeneity into account would be likely to give inaccurate results. Taking,
instead, blocks of length one year means the assumption that individual
block maxima have a common distribution is plausible, though the formal
justification for the GEV approximation remains invalid.

We now simplify notation by denoting the block maxima Zi,...,Zm-
These are assumed to be independent variables from a GEV distribution
whose parameters are to be estimated. If the X; are independent then the
Z; are also independent. However, independence of the Zj is likely to be a
reasonable approximation even if the X; constitute a dependent series. In
this case, although not covered by Theorem 3.1.1, the conclusion that the
Z; have a GEV distribution may still be reasonable; see Chapter 5.

Many techniques have been proposed for parameter estimation in ex-
treme value models. These include graphical techniques based on versions
of probability plots; moment-based techniques in which functions of model
moments are equated with their empirical equivalents; procedures in which
the parameters are estimated as specified functions of order statistics; and
likelihood-based methods. Each technique has its pros and cons, but the
all-round utility and adaptability to complex model-building of likelihood-
based techniques make this approach particularly attractive.

A potential difficulty with the use of likelihood methods for the GEV con-
cerns the regularity conditions that are required for the usual asymptotic
properties associated with the maximum likelihood estimator to be valid.
Such conditions are not satisfied by the GEV model because the end-points
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of the GEV distribution are functions of the parameter values: u — o /€ is
an upper end-point of the distribution when £ < 0, and a lower end-point
when £ > 0. This violation of the usual regularity conditions means that
the standard asymptotic likelihood results are not automatically applica-

ble. Smith (1985) studied this problem in detail and obtained the followin
results: ’

e when £ > I.o.m. maximum likelihood estimators are regular, in the
sense of having the usual asymptotic properties;

° Ermmw ~1 < £ < —0.5, maximum likelihood estimators are generally
obtainable, but do not have the standard asymptotic properties;

e when £ < -1, maximum likelihood estimato i
ek B mators are unlikely to be

The case £ < —0.5 corresponds to distributions with a very short bounded
upper tail. This situation is rarely encountered in applications of extreme
value modeling, so the theoretical limitations of the maximum likelihood
approach are usually no obstacle in practice.

2.3.2 Mazimum Likelithood Estimation

Under the assumption that Z;,...,Z,, are independent variables having

MVM %m/\. distribution, the log-likelihood for the GEV parameters when
is

lp,0,6) = —mlogo — (1 + H\@W_om T y Auﬂ. = tvg

i=1 g

_ MM T i mﬁz,:m . 3B

provided that

NH,I_:
1 _— =
+mA = vVow mO:I__..;S. Aw.mv
At parameter no_dgm_mao:m for which (3.8) is violated, corresponding to a
oommmc.wma_o% mz, which at least one of the observed data falls beyond an
end-point of the distributi ikeli i ikeli

i b ribution, the likelihood is zero and the log-likelihood

The case £ = ( requires se i
1E parate treatment using the Gumbel limi
the GEV distribution. This leads to the log-likelihood it of

(p,0) = -mlogo — M:U Aﬁv - mev ﬁl Aﬁv W . (39

i=1
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Maximization of the pair of Egs. (3.7) and (3.9) with respect to the
parameter vector (u,0,£) leads to the maximum likelihood mmﬂﬁmam with
respect to the entire GEV family. There is no analytical solution, but for
any given dataset the maximization is straightforward using standard nu-
merical optimization algorithms. Some care is needed to ensure that such
algorithms do not move to parameter combinations violating (3.8), and w_mo
that numerical difficulties that would arise from the evaluation of (3.7) in
the vicinity of £ = 0 are avoided. This latter problem is easily mo?ma by
using (3.9) in place of (3.7) for values of £ falling within a small window
around zero. .

Subject to the limitations on ¢ discussed in Section 3.3.1, the approxi-
mate distribution of (4, &, £) is multivariate normal with mean (u,0,€) and
variance-covariance matrix equal to the inverse of the observed information
matrix evaluated at the maximum likelihood estimate. Though this matrix
can be calculated analytically, it is easier to use numerical differencing tech-
niques to evaluate the second derivatives, and standard ::Emanm._. routines
to carry out the inversion. Confidence intervals and other forms of inference
follow immediately from the approximate normality of the estimator.

3.3.3 Inference for Return Levels

By substitution of the maximum likelihood estimates of the GEV param-
eters into (3.4), the maximum likelihood estimate of z, for 0 <p <1, the
1/p return level, is obtained as

Jor

; B¢ Témm.f for £ #0, (3.10)

Zp = .

i — 6 10g yp, for £ =0,
where y, = — log(1 — p). Furthermore, by the delta method,
Var(z,) ~ QNMA\QNY (3.11)

where V is the variance-covariance matrix of (f,,¢) and

0z, 0Oz, 0z
Y eRp ep =R
QNE ﬁmt H @Q 1 mw.m H—

= [1, - 1-y;%), 06721 - ;%) — 067"y, logyy)

evaluated at (jt,d,€).

It is usually long return periods, corresponding to small values of p, that
are of greatest interest. If £ < 0 it is also possible to make .Emoqm.:nmm.ou
the upper end-point of the distribution, which is effectively the .EmEam-
observation return period’, corresponding to z, with p = 0. The maximum
likelihood estimate is
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and (3.11) is still valid with
Vi =[1, —€7, o677,

again evaluated at (4, a, mu When £ > 0 the maximum likelihood estimate
of the upper end-point is infinity.

Caution is required in the interpretation of return level inferences, es-
pecially for return levels corresponding to long return periods. First, the
normal approximation to the distribution of the maximum likelihood esti-
mator may be poor. Better approximations are generally obtained from the
appropriate profile likelihood function; see Section 2.6.6. More fundamen-
tally, estimates and their measures of precision are based on an assump-
tion that the model is correct. Though the GEV model is supported by
mathematical argument, its use in extrapolation is based on unverifiable
assumptions, and measures of uncertainty on return levels should properly
be regarded as lower bounds that could be much greater if uncertainty due
to model correctness were taken into account.

3.3.4 Profile Likelihood

Numerical evaluation of the profile likelihood for any of the individual
parameters u, o or £ is straightforward. For example, to obtain the profile
likelihood for £, we fix £ = &, and maximize the log-likelihood (3.7) with
respect to the remaining parameters, x and o. This is repeated for a range
of values of &. The corresponding maximized values of the log-likelihood
constitute the profile log-likelihood for &, from which Theorem 2.6 leads to
obtain approximate confidence intervals.

This methodology can also be applied when inference is required on some
combination of parameters. In particular, we can obtain confidence inter-
vals for any specified return level z,. This requires a reparameterization of
the GEV model, so that z, is one of the model parameters, after which
the profile log-likelihood is obtained by maximization with respect to the

remaining parameters in the usual way. Reparameterization is straightfor-

ward: -

:HN?M:;LO@?%-N__ aE
so that replacement of y in (3.7) with (3.12) has the desired effect of ex-
pressing the GEV model in terms of the parameters (z,, 7, €).

3.3.5 Model Checking

Though it is impossible to check the validity of an extrapolation based
on a GEV model, assessment can be made with reference to the observed
data. This is not sufficient to justify extrapolation, but is a reasonable
prerequisite. In Chapter 2 we discussed the use of probability plots and
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quantile plots for model checking; we now describe these in more Qmﬁm.:.mou.
checking the validity of a GEV model, and describe two further graphical
goodness-of-fit checks. . .

As described in Chapter 2, a probability plot is a comparison ﬂ. the
empirical and fitted distribution functions. With ordered _u_c.nw maximum
data z(;) < z2) £ < Z(m)> the empirical distribution function evaluated
at z(; is given by i

G(zm) =i/(m+1).

By substitution of parameter estimates into (3.2), the correspording model-
based estimates are

a7V
Glzs) =expq — T+mm W ti ,

a

If the GEV model is working well,
Glzw) = Glam)

for each 4, so a probability plot, consisting of the points

ﬁhﬁw?:vv.@.ﬁm@vv s 1= H...:SW ;

should lie close to the unit diagonal. Any substantial departures from lin-
earity are indicative of some failing in the GEV model. .

A weakness of the probability plot for extreme value models is ﬁ:.; ﬂoﬁ.:
m.:u:vv and G (2(:)) are bound to approach 1 as z(; .En_‘mmmm.m, while it is
usually the accuracy of the model for large values of 2 .ﬁ:mﬁ is o.m mqwmommﬁ
concern. That is, the probability plot provides the least Emo:.:m.co.z in the
region of most interest. This deficiency is avoided by the quantile plot,

consisting of the points
ﬁm-;isiz.uev, = r.._.i_ (3.13)

where, from (3.10),

q = . —£
ST L WP PR kli
& AS v _/v = F ! ﬁ B\m+1
Departures from linearity in the quantile plot also indicate model failure.

As discussed in Section 3.1.3, the return level plot, comprising a graph
of

CaaH

2p= - m [1 - {-log(1 ~ )} ]

against y, = — log(1 — p) on a logarithmic scale, is particularly .oozw.m:wm:n
for interpreting extreme value models. The tail of the &mﬁwcssonw is com-
pressed, so that return level estimates for long return periods are displayed,

3.4 Examples 59

while the linearity of the plot in the case £ = 0 provides a baseline against
which to judge the effect of the estimated shape parameter.
As a summary of a fitted model the return level plot consists of the locus
of points
{(logyp, 2p) : 0<p<1},

where Z, is the maximum likelihood estimate of z,. Confidence intervals can
be added to the plot to increase its informativeness. Empirical estimates
of the return level function, obtained from the points (3.13), can also be
added, enabling the return level plot to be used as a model diagnostic. If the
GEYV model is suitable for the data, the model-based curve and empirical
estimates should be in reasonable agreement. Any substantial or systematic
disagreement, after allowance for sampling error, suggests an inadequacy
of the GEV model.

The probability, quantile and return level plots are each based on a com-
parison of model-based and empirical estimates of the distribution function.
For completeness, an equivalent diagnostic based on the density function
is a comparison of the probability density function of a fitted model with a
histogram of the data. This is generally less informative than the previous
plots, since the form of a histogram can vary substantially with the choice
of grouping intervals. That is, in contrast with the empirical distribution
function, there is no unique empirical estimator of a density function, mak-
ing comparisons with a model-based estimator difficult and subjective.

3.4 Examples

3.4.1 Annual Mazimum Sea-levels at Port Pirie

This analysis is based on the series of annual maximum sea-levels recorded
at Port Pirie, South Australia, over the period 1923-1987, as described in
Example 1.1. From Fig. 1.1 it seems reasonable to assume that the pattern
of variation has stayed constant over the observation period, so we model
the data as independent observations from the GEV distribution.

Maximization of the GEV log-likelihood for these data leads to the esti-
mate

(4,6,€) = (3.87,0.198, —0.050),
for which the log-likelihood is 4.34. The approximate variance-covariance
matrix of the parameter estimates is

0.000780 0.000197 -0.00107
V= 0.000197 0.000410 —0.000778
—0.00107 -0.000778 0.00965

The diagonals of the variance-covariance matrix correspond to the variances
of the individual parameters of (g, 0, £) . Taking square roots, the standard
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FIGURE 3.2. Profile likelihood for £ in the Port Pirie sea-level example.

errors are 0.028, 0.020 and 0.098 for 4,6 and m respectively. Combining es-
timates and standard errors, approximate 95% confidence intervals for each
parameter are [3.82,3.93] for p, [0.158,0.238] for o, and [—0.242,0.142] for
£. In particular, although the maximum likelihood estimate for £ is nega-
tive, corresponding to a bounded distribution, the 95% confidence interval
extends well above zero, so that the strength of evidence from the data for
a bounded distribution is not strong. Greater accuracy of confidence inter-
vals can usually be achieved by the use of profile likelihood. Fig. 3.2 shows
the profile log-likelihood for £, from which a 95% confidence interval for £
is obtained as [—0.21,0.17], which is only slightly different to the earlier
calculation.

Estimates and confidence intervals for return levels are obtained by sub-
stitution into (3.10) and (3.11). For example, to estimate the 10-year return
level, we set p = 1/10 and find %, = 4.30 and Var(Zg,) = 0.00303. Hence,
a 95% confidence interval for z; ; is evaluated as 4.30 + 1.96 x +/0.00303 =
[4.19,4.41]. The corresponding estimate for the 100-year return level is
Zp.01 = 4.69, with a 95% confidence interval of [4.38,5.00].

Better accuracy again comes from the profile likelihood. Figs. 3.3 and
3.4 show the profile log-likelihood for the 10- and 100-year return levels
respectively. By Theorem 2.6 we obtain confidence intervals for 25, and
2p.01 of [4.21,4.45] and [4.50, 5.27] respectively. The first of these is simi-
lar to that obtained from the delta method, while the second is not. The
latter discrepancy arises because of asymmetry in the profile log-likelihood
surface, the extent of which increases with increasing return period. Such

Profile Log-likelihood
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FIGURE 3.3. Profile likelihood for 10-year return level in the Port Pirie sea-level

example.
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FIGURE 3.4. Profile likelihood for 100-year return level in the Port Pirie sea-level

example.
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asymmetries are to be expected, since the data provide increasingly weaker
information about high levels of the process.
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FIGURE 3.5. Diagnostic plots for GEV fit to the Port Pirie sea-level data.

The various diagnostic plots for assessing the accuracy of the GEV model
fitted to the Port Pirie data are shown in Fig. 3.5. Neither the probability
plot nor the quantile plot give cause to doubt the validity of the fitted
model: each set of plotted points is near-linear. The return level curve
asymptotes to a finite level as a consequence of the negative estimate of &,
though since the estimate is close to zero, the estimated curve is close to
linear. The curve also provides a satisfactory representation of the empir-
ical estimates, especially once sampling variability is taken into account.
Finally, the corresponding density estimate seems consistent with the his-
togram of the data. Consequently, all four diagnostic plots lend support to
the fitted GEV model.

The original version of the extremal types theorem, as given in Theorem
3.1, identifies three possible families of limit distributions for maxima. Be-
fore the unification of the three distributions into the single GEV family, it
was natural to make a preliminary choice of model type prior to parameter
estimation. This approach now has little merit, given the alternative option
of modeling within the entire GEV family. However, the suitability of any
particular member of the GEV family can be assessed by comparison with
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the maximum likelihood estimate within the entire family. For example,
the mncﬁ%w_mﬁmzmmm of replacing the GEV family with the Gumbel family,
corresponding to the £ = 0 subset of the GEV family, can be assessed.
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FIGURE 3.6. Diagnostic plots for Gumbel fit to the Port Pirie sea-level data.

Maximum likelihood in the Gumbel case corresponds to maximization of
(3.9), followed by standard treatment to obtain standard errors etc. For the
Port Pirie sea-level data this leads to (j,d) = (3.87,0.195), with standard
errors 0.03 and 0.019 respectively. The maximized log-likelihood is —4.22
me likelihood ratio test statistic for the reduction to the Gumbel anmm
is therefore D = 2{—4.22 — (—-4.34)} = 0.24. This value is small when
compared to the x? distribution, suggesting that the Gumbel model is ade-
quate for these data. This is confirmed by the standard diagnostic graphical
checks in Fig. 3.6, which imply that the goodness-of-fit is comparable with
that of the GEV model. This is not surprising since the estimated param-
eters in the two models are so similar, which also means that (short-term)
model extrapolation on the basis of either model leads to similar answers.
The m.qomﬂmmﬁ difference between the two models is in terms of the precision
of estimation: the model parameters and return levels have estimates with

considerably shorter confidence intervals in the Gumbel model
with the GEV model. nodel, compared
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The issue of choice between the Gumbel and GEV models is starkly il-
lustrated by the respective return level plots of Figs. 3.5 and 3.6. The esti-
mated return level curves are similar, but the confidence intervals are much
wider for the GEV model, especially for long return periods. Reduction of
uncertainty is desirable, so that if the Gumbel model could be trusted, its
inferences would be preferred. But can the model be trusted? The extremal
types theorem provides support for modeling block maxima with the GEV
family, of which the Gumbel family is a subset. The data suggest that a
Gumbel model is plausible, but this does not imply that other models are
not. Indeed, the maximum likelihood estimate within the GEV family is
not in the Gumbel family (although, in the sense that m ~ 0, it is ‘close’).
There is no common agreement about this issue, but the safest option is
to accept there is uncertainty about the value of the shape parameter -
and hence whether the Gumbel model is correct or not — and to prefer
the inference based on the GEV model. The larger measures of uncertainty
generated by the GEV model then provide more a realistic quantification
of the genuine uncertainties involved in model extrapolation.

3.4.2 Glass Fiber Strength Example

We now consider the glass fiber breaking strength data of Example 1.2.
For the reasons discussed in Section 3.2, the GEV model for minima is an
appropriate starting point for data of this type. There are two equivalent
approaches to the modeling. Either the GEV distribution for minima. can be
fitted directly to the data, or the data can be negated and the GEV distri-
bution for maxima fitted to these data. The equivalence of these operations
is justified in Section 3.2. To economize on the writing of model-fitting rou-
tines, we take the approach of fitting the GEV distribution to the negated
data. This leads to the maximum likelihood estimate

(f,5,€) = (~1.64,0.27,—0.084),

with a maximized value of the log-likelihood equal to —14.3. The corre-
sponding estimated variance-covariance matrix is

0.00141 0.000214 —0.000795
V= 0.000214  0.000652 —0.000441
-0.000795 —0.0000441 0.00489

Taking square roots of the diagonals of this matrix leads to standard er-
rors of p,o and € as 0.038,0.026 and 0.070 respectively. The estimates and
standard errors combine to give approximate confidence intervals. In par-
ticular, a 95% confidence interval for £ is obtained as —0.084+ 1.96 x0.07 =
[-0.22,0.053]. So, as in the previous example, the maximum likelihood es-
timate of the shape parameter is negative, but both negative and positive
values are plausible once sampling uncertainty is accounted for.

3.4 Examples 65

Probability Plot Quantile Plot
& w
& 5 O
s @ o A
- o .
M n- = 0 b
3 2
m - ..l-\...ll 3 o)
] |
et
o~ 5
o - o >
& ]
2 .
<X} 0.2 0.4 08 [+F.] 10 20 -1.8 186 1.4 1.2 -1.0 08
Empirical Model

Return Level Plot

Density Piot

e 05

OB

Returmn Level
15
(73]

-20

o1 1.0 10.0 100.0 1000 0

Retum Period

Mwmdwm 3.7. Diagnostic plots of GEV fit to negative breaking strengths of glass
ers.

m,nou.s Section 3.2 the estimates for the parameters (i, 0, ) of the corre-
sponding GEV distribution for minima applied directly to the original data
are

(11,6,€) = (1.64,0.27, —0.084).

The change of sign of the location parameter induces a change to the sign

of appropriate components of the variance-covariance matrix, which now
becomes

0.00141  -0.000214 0.000795
V =] -0.000214 0.000652  —0.000441
0.000795 —0.0000441 0.00489

Returning to the GEV analysis, the diagnostic plots for the fitted model
are shown in Fig. 3.7. The probability and quantile plots are less convincing
than in the previous example, but there is less doubt about the quality of
fit once confidence intervals are added to the return level curve.

Interpretation of return levels in this example needs some explanation.
The “return period”of 1000 has a “return level”of around —0.4. Such ter-
minology doesn’t work so well here; the values imply that, given 1000 such
glass fibers, just one would be expected to have a breaking strength below
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0.4 units. This point also raises an issue that is often used as an objec-
tion to the use of the GEV family. Looking at the return level plot in Fig.
3.7, it is clear that the model extrapolates to positive values, or equiva-
lently, to negative values of breaking strength. This is incompatible with
the physical process under study. In fact, the estimated upper end-point of
the fitted distribution is 25 = {1 — w\m, = 1.59, corresponding to a breaking
strength of —1.59 units. The situation would be worse had the estimate of &
been non-negative, since the estimated upper end-point of the distribution
would have been infinite. This situation is not uncommon. For example,
GEV estimates of annual maxima of daily rainfall often lead to positive es-
timates of £, though it is unreasonable on physical grounds to believe that
daily rainfall levels are truly without limit. What these arguments really
illustrate is the danger of relying on the arguments leading to the GEV
distribution as a basis for very long-term extrapolation. Although the ar-
guments for fitting the GEV distribution to block maxima are compelling,
the temptation to extrapolate to extremely high levels should be tempered

by caution and physical knowledge.

3.5 Model Generalization: the r Largest Order
Statistic Model

3.5.1 Model Formulation

An implicit difficulty in any extreme value analysis is the limited amount
of data for model estimation. Extremes are scarce, by definition, so that
model estimates, especially of extreme return levels, have a large variance.
This issue has motivated the search for characterizations of extreme value
behavior that enable the modeling of data other than just block maxima.

There are two well-known general characterizations. One is based on ex-
ceedances of a high threshold, the other is based on the behavior of the
r largest order statistics within a block, for small values of 7. Both char-
acterizations can be unified using a point process representation discussed
in Chapter 7. In this section we focus on a model for the r largest order
statistics.

As in previous sections, we suppose that X;, Xs,... is a sequence of in-
dependent and identically distributed random variables, and aim to char-
acterize the extremal behavior of the X;. In Section 3.1.3 we obtained that
the limiting distribution as n — oo of M, suitably re-scaled, is GEV. We
first extend this result to other extreme order statistics, by defining

M®) = kth largest of {X1,...,X.},

and identifying the limiting behavior of this variable, for fixed k, as n — oc.
The following result generalizes Theorem 3.1.
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Theorem 3.4 If there exist sequences of constants {a, > 0} and {b,}
such that

Pr{(M, - bs)/an <z} 5 G(z) asn o oo

for some non-degenerate distribution function G, so that G is the GEV
distribution function given by (3.2), then, for fixed k,

Pr{(M{¥ - b,)/an < 2} > Gi(2)

on {z:1+&(z — pu)/o > 0}, where

k-1 5
Gu(2) = exp{~7(2)} 3 72 3.19)

o= fee(2)

Theorem 3.4 implies that, if the kth largest order statistic in a block is
normalized in exactly the same way as the maximum, then its limiting dis-
tribution is of the form given by (3.14), the parameters of which correspond
to the parameters of the limiting GEV distribution of the block maximum.
Again, by absorbing the unknown scaling constants into the model loca-
tion and scale parameters, it follows that, for large n, the approximate
distribution of M) is within the family (3.14).

There is, however, a difficulty in using (3.14) as a model. The situation
we are often faced with, as with the Venice sea-level example, is of having
each of the largest r order statistics within each of several blocks, for some
value of 7. That is, we usually have the complete vector

with

O

MY = (M, .. M)

for each of several blocks. In the case of the Venice sea-level data, r = 10 for
most of the blocks, each of which corresponds to one year of observations.
Whilst Theorem 3.4 gives a family for the approximate distribution of each
of the components of M (", it does not give the joint distribution of M (")
Moreover, the components cannot be independent: M»v can be no greater
than .\Sqm:, for example, so the outcome of each component influences the
distribution of the other. Consequently, the result of Theorem 3.4 does not
in itself lead to a model for M (" Instead, we require a characterization of
the limiting joint distribution of the entire vector M. m.l. With appropriate
re-scaling this can be achieved, but the limiting joint distribution it leads
to is intractable. However, the following theorem gives the joint density
function of the limit distribution.
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Theorem 3.5 If there exist sequences of constants {an > 0} and {bs}
such that
Pr{(M, —bs)/an < 2} = G(z) asn—

for some non-degenerate distribution function G, then, for fixed r, the
limiting distribution as n — oo of
M-:_ . 0: M._.l - @.:

- (r) _
E‘.:. = 91- ). 3 Q::.

falls within the family having joint probability density function

07— gy T
fz,...,2") = exp nTTA . u
1-1

x_qu Tiﬁs%:ﬁ-m . (3.15)

. NA:“
O

where —00 < g < 00, 0 > 0 and —o0 < § < 005 2 < r-l) <.
and z® 1+ €% —p)fo>0fork=1,...,7.

Proofs of Theorems 3.4 and 3.5 are given in Chapter 7. In the case r = .H,
(3.15) reduces to the GEV family of density functions. The case £ - 0 :M
(3.15) is interpreted as the limiting form as £ — 0, leading to the family o

density functions

20 = { e [ (2]}

X MHH o~ lexp T Au::ql :: , (3.16)

k=1

for which the case 7 = 1 reduces to the density of the Gumbel family.

9.5.2 Modeling the v Largest Order Statistics

Starting with a series of independent and identically distributed <w~.._wv_mm.

data are grouped into m blocks. In block i the ::Ammvmﬁ r; observations are
: 1 T ¥ an

recorded, leading to the series gmi = ?M. ) E ), fokk =1, o - _M.z. It

is usual to set r; = --- = rm = r for some specified value of r, unless fewer

data are available in some blocks. .

As with the GEV model, the issue of block size mBo::.mm to a _u.mam-o.m
between bias and variance that is usually resolved by making a ﬁnmma.bw.cn
choice, such as a block size of length one year. The number of order statistics

used in each block also comprises a bias-variance trade-off: small values of
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r generate few data leading to high variance; large values of r are likely to
violate the asymptotic support for the model, leading to bias. In practice
it is usual to select the r; as large as possible, subject to adequate model
diagnostics.

The likelihood for this model is obtained from (3.15) and (3.16), by ab-
sorbing the unknown scaling coefficients into location and scale parameters
in the usual way, and by taking products across blocks. So, when £ # 0,

m (re) -1/¢
S
L(p,0,8) HE exp{ — [1+¢ s
i . -¢-1
t e 1
X .mq +¢£ P , (3.17)

provided 1 + £(z*) — /o >0, k=1,...,r,i = 1,...,m; otherwise the
likelihood is zero. When £ = 0,

Lip,0,8) = m Aea Alee f mfvﬁ

i=1
(k)

x [[o"exp |- m.[m||t . (3.18)
*.HH

The likelihood (3.17) and (3.18) or, more commonly, the corresponding log-
likelihood, can be maximized numerically to obtain maximum likelihood
estimates. Standard asymptotic likelihood theory also gives approximate
standard errors and confidence intervals. In the special case of r; = 1 for
each i, the likelihood function reduces to the likelihood of the GEV model
for block maxima. More generally, the r largest order statistic model gives a
likelihood whose parameters correspond to those of the GEV distribution
of block maxima, but which incorporates more of the observed extreme
data. So, relative to a standard block maxima analysis, the interpretation
of the parameters is unaltered, but precision should be improved due to
the inclusion of extra information.

3.5.8 Venice Sea-level Data

These data, discussed in Example 1.5, consist of the 10 largest sea-levels
in Venice over the period 1931-1981, except for the year 1935, for which
only the largest 6 observations are available. So, with due allowance for the
exceptional year, model (3.15) can be applied for any value of r = 1,...,10.
Maximum likelihood estimates and standard errors are given in Table 3.1
for inferences based on selected values of r. As anticipated, with increasing
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TABLE 3.1. Maximized log-likelihoods ¢, parameter estimates and standard er-
rors (in parentheses) of r largest order statistic model fitted to the Venice sea-level

data with different values of 7.

r ] i E £
1 —2227 111.1(26) 17.2(1.8) -0.077 (0.074)
5 —7320 1186 (1.6) 13.7(0.8) —0.088 (0.033)
10 —1149.3 120.4 (1.3) 12.7(0.5) —0.115 (0.019)

values of r, the standard errors decrease, corresponding to increased model
precision. However, if the asymptotic approximation is valid for a particu-
lar choice of r, then parameter estimates should be stable when the model
is fitted with fewer order statistics. But from Table 3.1, there is little evi-
dence of stability in the location and scale parameter estimates, even once :
sampling variability is accounted for. This brings into doubt the validity of
the model, at least for values of r > 5.

Since the parameters u, o and £ correspond exactly to the GEV param-
eters of the annual maxima distribution, a more detailed assessment of
model fit is derived from return level curves of the annual maximum dis-
tribution. These are constructed in exactly the same way as for the block
maximum model, but this time using the maximum likelihood estimates _
and variance-covariance matrix from the r largest order statistic model.
Fig. 3.8 shows these plots for each value of r from 2 to 10. Even in the
case of r = 2, the fit is not particularly good; the reasons for this will be
discussed in Chapter 6. Notwithstanding general concerns about the lack of
fit, Fig. 3.8 also illustrates that the agreement between model and data di-
minishes as r increases, although the confidence intervals become less wide.
This is a graphic illustration of the bias-variance trade-off determined by
the choice of r.

For any particular choice of r, the accuracy of the fit can also be exam-
ined in greater detail. First, the complete range of diagnostics for the block
maximum can be examined. As an example, with r = 5, the usual suite
of annual maximum diagnostics is shown in Fig. 3.9. Like the return level
plots, these are obtained in exactly the same way as for the block maxi-
mum model, substituting the parameter estimates and variance-covariance
matrix with those obtained by the maximization of (3.17). For the Venice
data, the concern for lack of fit is reinforced by these diagnostics. Checks
can also be made on the quality of fit for each of the order statistics by
plotting probability and quantile plots. These are obtained by comparing
the distribution of the kth order statistic - model (3.14), with parameter
values replaced by their estimates — with the corresponding empirical es-
timates. For the probability plot this is straightforward. The quantile plot
is more complicated, since (3.14) cannot be analytically inverted and it is
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k=1 k=2 k=3 k=4 k=5

=1 k=2 k=3 k=4 k=5

FIGURE 3.10. Model diagnostics for the Venice sea-level data ob.vmm._m of fitted
r largest order statistic model with 7 = 5. Plots shown are vwovwv_r@ plots (top
row) and quantile plots (bottom row) for kth largest order statistic, k = 1,...,5.

necessary to solve numerically the equation
Gr(zp) =1-p

to obtain the model estimate of the 1 — p quantile. Nonetheless, this is
straightforward using standard numerical techniques. For the <m:mmm data,
with the fitted model corresponding to r = 5, probability and quantile plots
for each of the four largest order statistics are given in Fig. 3.10. These plots
again indicate a fundamental lack of fit for the model.

3.6 Further Reading

The origins of the asymptotic sample maximum characterization can be
traced back to Fisher & Tippett (1928). Their arguments were completed
and formalized by Gnedenko (1943). Serious use of the block maximum
model for statistical applications seems only to have started in the Emo,.m.
Gumbel (1958) was influential in promoting the methodology, and this
book is still relevant today. The GEV parameterization of the extreme
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value limit models was independently proposed by von Mises (1954) and
Jenkinson (1955).

Aspects of likelihood inference for the GEV model, and in particular the
calculation of the expected information matrix, were considered by Prescott
& Walden (1980); this was subsequently generalized to the case of censored
data by Prescott & Walden (1983). An explicit algorithm for estimating
maximum likelihood parameters was given by Hosking (1985). Smith (1985)
contains important calculations for establishing the asymptotic properties
of the maximum likelihood estimator for a class of models that includes
the GEV. The issue of testing for the Gumbel model as a special case of
the GEV distribution is discussed by Hosking (1984).

Competitor methods to maximum likelihood for estimating the parame-
ters of the GEV distribution include the technique of probability weighted
moments (Hosking et al., 1985) and methods based on order statistics (de
Haan, 1990). Modified moment and likelihood techniques have also been
proposed in a series of articles by JP Cohen: see Cohen (1988) for an
overview and Smith (1995) for a general discussion and comparison.

There are numerous published applications of the GEV model in a variety
of disciplines. A number of recent publications were listed in Section 1.1.
Other influential examples include Buishand (1989) and Carter & Chal-
lenor (1981) for climatology; de Haan (1990), Tawn (1992) and Robinson
& Tawn (1997) for oceanography; Zwiers (1987) and Walshaw & Anderson
(2000) for wind field modeling; Henery (1984) and Robinson & Tawn (1995)
for sports data modeling. The connections between extreme value models
and reliability models are discussed in detail by Crowder et al. (1991). Ap-
plications in the context of corrosion engineering are described by Scarf &
Laycock (1996).

Examples based on the r largest order statistic model are less common.
As a modeling tool, the technique was first developed in the Gumbel case
of £ = 0 by Smith (1986), building on theoretical developments in Weiss-
man (1978). The general case, having arbitrary £, was developed by Tawn
(1988b).



